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Abstract 

The aim of this paper is to give a unifying description of various 
constructions (subanalytic, semialgebraic, o-minimal site) and the cor- 
responding theory of sheaves using (a shght modification of) the notion 
of 7~-topology due to Kashiwara and Schapira. 
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Introduction 



The aim of this paper is to give a unifying description of various construc- 
tions (subanalytic, semialgebraic, o-minimal site) using a sHght modification 
of the notion of T-topology introduced by Kashiwara and Schapira in |23) . 
Sheaf theory on locally semialgebraic spaces was studied in |[6| . Subanalytic 
sheaf theory was introduced in [23j and then developed in |27j. O-minimal 
sheaf theory was introduced in |15| in the definable case but it can be ap- 
plied also to the locally definable case. Note that since locally semialgebraic 
spaces are locally definable spaces in a real closed field and real closed fields 
are o-minimal structures and, relatively compact subanalytic sets are defin- 
able sets in the o-minimal expansion of the field of real numbers by restricted 
globally analytic functions, both the semialgebraic and subanalytic sheaf the- 
ory are special cases of the o-minimal sheaf theory. The idea of all of these 
constructions is the same: on a topological space X one chooses a subfamily 
T of the open subsets of X satisfying some suitable hypothesis, and for each 
U & T one defines the category of coverings of U as the topological covering 
{Ui}i^l C T of [/ admitting a finite subcover. In this way one defines a 
site X-j-. This idea was already present in |23]. So it is natural to study the 
category of sheaves on Xj- (called Mod(A;7-)) and treat in a unifying way all 
the previous construction. Moreover, the exigence to treat some non Haus- 
dorff cases (as conic subanalytic sheaves which are related to the extension 
of the Fourier-Sato transform [28j) and the non-standard setting which ap- 
pears naturally in the o-minimal context, motivates a slight modification of 
the definition of [23] . 

We call a topological space X with such a subfamily T of open subsets 
a T-space and the associated Grothendick topology the T-topology. Given 
a T-space X we study the category of sheaves on the site X-j-- The nat- 
ural functor of sites p : X ^ Xj- induces relations between the categories 
of sheaves on X and X7-, given by the functors and p~^. Moreover 
when X is locally weakly quasi-compact (a generalization of locally compact 
spaces which includes also Noetherian, spectral and locally spectral topo- 
logical spaces) there is a right adjoint to the functor p~^, denoted by p\. 
We introduce the category of T-flabby sheaves (known as sa-fiabby in [6] 
and as quasi-injective in [27J): F G Mod{k-r) is T-fiabby if the restriction 
T{U;F) T{V;F) is surjective for each U,V e T with U ^V. We prove 
that T-fiabby sheaves are acyclic with respect to the functor T{U;»), for 
U (z T- More generally, if one introduces the category Coh(T) C Mod(A:x) 
of coherent sheaves (i.e. sheaves admitting a finite resolution consisting of 
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finite sums of kjj. , Ui (z T), then T- flabby sheaves are acyclic with respect to 
Homfc^(p*G, •), for G £ Coh(T). Coherent sheaves also give a description 
of sheaves on X-j-- for each F G Mod(fc7-) there exists a filtrant inductive 
family such that F ~ lin^p^Fj. Then we prove that as in |15| the 

i 

category of sheaves on Xj- is equivalent to the category of sheaves on a lo- 
cally quasi-compact space X-j-, the T-spectrum of X, which generalizes the 
notion of o-minimal spectrum. 

Our theory can then be specialized to each of the examples we mentioned 
above: when T is the category of semialgebraic open subsets of a locally 
semialgebraic space X we obtain the constructions and results of [6j, when 
T is the category of relatively compact subanalytic open subsets of a real 
analytic manifold X we obtain the constructions and results of |23| [27] , when 
T is the category of definable open subsets of a locally definable space X we 
obtain in the definable case the constructions of [15j. Moreover, when T is 
the category of conic subanalytic open subsets of a real analytic manifold X 
we obtain a suitable category of conic subanalytic sheaves. 

The paper is organized in the following way. In Section [T] we introduce the 
locally weakly quasi-compact spaces and study some properties of sheaves on 
such spaces. The results of this section will be used in two crucial ways on 
the theory of sheaves on T-spaces, they are required to show that: (i) when 
a T-space X is locally weakly quasi-compact, then there is a right adjoint 
p\ to the functor induced by the natural functor of sites p : X ^ X-j-; 
(ii) for a T-space X, category of sheaves on Xj- is equivalent to the category 
of sheaves on a locally quasi-compact space X7-, the T-spectrum of X. In 
Section [2] we introduce the T-spaces and develop the theory of sheaves on 
such spaces as already described above. Finally on Section [3] we apply our 
theory to the main examples. 

1 Sheaves on locally weakly quasi- compact spaces 

Let X be a non necessarily Hausdorfi^ topological space. One denotes by 
Op{X) the category whose objects are the open subsets of X and the mor- 
phisms are the inclusions. In this section we generalize some classical results 
about sheaves on locally compact spaces. For classical sheaf theory our 
basic reference is |20| . We refer to [29] for an introduction to sheaves on 
Grothendieck topologies. 
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1.1 Locally weakly quasi-compact spaces 

Definition 1.1.1 An open subset U of X is said to he relatively weakly 
quasi-compact in X if, for any covering {Ui\i^i of X, there exists J G I 
finite, such that U C Uigj^i- 

We will write for short U C C X to say that [/ is a relatively weakly quasi- 
compact open set in X, and we will call Op'^{U) the subcategory of Op(C/) 
consisting of open sets V CC U. Note that, given V,W E Op'^{U), then 
VUW e Op^{U). 

Definition 1.1.2 A topological space X is locally weakly quasi-compact if 
satisfies the following hypothesis for every U,V € Op{X) 

LWCl. Every x & U has a fundamental neighborhood system {Vi} with Vi € 
Op^{U). 

LWC2. For every U' G Op'=(C/) and V € Op%V) one has U'nV G Op^{UnV). 
LWC3. For every U' G Op''{U) there exists W G Op''{U) such that U' CC W. 

Of course an open subset U oi & locally weakly quasi-compact space X is 
also a locally weakly quasi-compact space. 

Example 1.1.3 Let us consider some examples of locally weakly quasi- 
compact spaces: 

1. A locally compact topological space X is a locally weakly quasi-compact. 
In this case, for U,V ^ Op{X) we have V CC U if and only if V is 
relatively compact subset of U. 

2. Let X be a topological space with a basis of quasi-compact open subsets 
closed under taking finite intersections. Then X is locally weakly quasi- 
compact and, for U,V G Op{X) we have V CC U and only if V is 
contained in a quasi-compact subset of U. In this situation we have 
the following particular cases: 

• X is a Noetherian topological space (each open subset of X is 
quasi-compact). This includes in particular: (a) algebraic va- 
rieties over algebraically closed fields; (b) compact complex va- 
rieties (reduced, irreducible complex analytic spaces) with the 
Zariski topology. 
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• X is a spectral topological space (in addition: (i) X is quasi- 
compact; (ii) Tq; (iii) every irreducible closed subset is the closure 
of a unique point). This includes in particular: (a) real algebraic 
varieties over real closed fields; (b) the o-minimal spectrum of a 
definable space in some o-minimal structure. 

• X is an increasing union of open spectral topological spaces Xj's, 
i.e. X is the space Uie/^i- This space X has a basis of quasi- 
compact open subsets closed under taking finite intersections and 
in addition is: (i) not quasi-compact in general unless / is fi- 
nite; (ii) Tq. This includes in particular: (a) the semialgebraic 
spectrum of locally semialgebraic space; (b) more generally, the 
o-minimal spectrum of a locally definable space in some o-minimal 
structure. 

3. Let E he a real vector bundle over a locally compact space Z endowed 
with the natural action n of M+ (the multiplication on the fibers). Let 

E = E\Z, and for U G Op{E) set Uz = U D Z and U = U n E. Let 
E^+ denote the space E endowed with the conic topology i.e. open sets 
of E^+ are open sets of E which are /x- invariant. With this topology 
Et^+ is a locally weakly quasi-compact space and, for U,V & Op{E^+ ) 

we have V CC U if and only if Vz CC Uz in Z and V CC U in E-s^+ 

(the later is E with the induced conic topology). 

1.2 Sheaves on locally weakly quasi-compact spaces 

Recall that X is a non necessarily Hausdorff topological space. 

Definition 1.2.1 Let U = {Ui}i^i and U' = {J/jj^gj he two families of 
open subsets of X. A refinement U' consists of a map s : J I of the 
index sets and a family of inclusions U'j C ^^(j) • 

One denotes by Cov{U) the category whose objects are the coverings of 
U G Op(X) and the morphisms are the refinement maps, and by Cov^{U) 
its full subcategory consisting of finite coverings of U. 

Given V G Op(?7) and S G Cov(?7), one sets SnV = {Un V}ueS G 
Cov(F). 

Definition 1.2.2 The site X^ on the topological space X is the category 
Op{X) endowed with the following topology: S C Op(f/) is a covering of U 
if and only if it has a refinement S-^ G Cov^(C/). 
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Definition 1.2.3 Let U,V e Op{X) with V C U. Given S = {C/j}jg/ G 

Cov{U) and T = {Vj}j^j G Cov(y), we write T CC S if T is a refinement 
of S nV, and Vj C Ui if and only if Vj CC Ui. 

Definition 1.2.4 A presheaf of k-modules on X is a functor Op(X)°^ 
Mod(A;). A morphism of presheaves is a morphism of such functors. One 
denotes by Psh(fcx) the category of presheaves of k-modules on X. 

Let F e Psh.{kx), and let S G Cov(?7). One sets 

F{S) = ker JJ F{W) ^ F{W' n W")j . 

w^s w',w"es 

Definition 1.2.5 A presheaf F is separated (resp. is a sheaf) if for any 
U G Op(X) and for any S G Cov(C/) the natural morphism F{U) F{S) 
is a monomorphism (resp. an isomorphism). One denotes by Mod(A;x) the 
category of sheaves of k-modules on X. 

Let F G Psh(A;x), one defines the presheaf by setting 

F+{U) = F{S). 

SeCov{U) 

One can show that F~^ is a separated presheaf and if F is a separated 
presheaf, then is a sheaf. Let F G Psh(/cx), the sheaf F++ is called 
the sheaf associated to the presheaf F. 

Lemma 1.2.6 For F G Psh(fcx), and let U G Op(X). If F is a sheaf on 
Xf , then for any V G Op^(C/) the morphism 

(1.1) F+{U)^F+{V) 

factors through F{V). 

Proof. Let S G Cov{U), and set 5nF = {WnVjweS- Since V G Op^{U), 
there is a finite refinement G Cov^{V) oi S DV. Then the morphism 
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(jl.ip is defined by 



F+{U) 




seCov((7) 



Ik^ F{S n V) 



5eCov((7) 



lii^ F{Tf) 



TfeCov^iV) 




reCov(y) 



The result follows because F{Tf) 



F^{V). 
F{V). 



□ 



Corollary 1.2.7 With the hypothesis of Lemma \1.2.(A we consider two co- 
verings S G Cov(f/) and T G Cov(F). IfT CC S", then the morphism 



factors through F{T). In particular, if T is finite, then the morphism (11. 2p 
factors through F(y). 

From now on we will assume the following hypothesis: 



Lemma 1.2.8 Let U G Op(X), and consider a subset V CC U. Then for 
any G Coy^U) there exists G Cov^(y) with CC . 

Proof. Let 5-^ = {Ui}. For each x £ U and Ui 3 x, consider a V^^j G Op'^{Ui) 
containing x. Set Vx = f]^ i, the family {Vx} forms a covering of U. 
Then there exists a finite subfamily {Vj} containing V. By construction 
Vj nV CCUi whenever Vj CUi. □ 



Lemma 1.2.9 Let F G Psh(A;x); and let U G Op(X). If F is a sheaf on 
, then for any V G Op^(C/) the morphism 



(1.2) 



F+{S) F+{T) 



(1.3) 



the topological space X is locally weakly quasi-compact. 




F++{U) ^ F++iV) 
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Proof. Since X is locally weakly quasi-compact, there exists W € Op'^([/) 
with V dd W. As in Lemma [1.2.61 we obtain a diagram 

F++{U) F++{W) F++{V) 




Since X is locally weakly quasi-compact then for any € Cov''^(l^) there 
exists T-^ G Cov-^ (V) with T-f CG S-^ . By Corollary 1 1 . 2 . 71 the morphism 

F+{S-f) ^ F+{Tf) 

factors through F(T^) ~ F{V). Then the morphism 

lii^ F+(S'^) ^ lii^ F+iT^) 

Sf &Cov f{W) Tf&Covf(V) 
factors through F{V) and the result follows. □ 



Corollary 1.2.10 Let F G Psh(A;x). If F is a sheaf on X^ , then: 

(i) foranyVGOp'^{X) one has the isomorphism lin^ FiU) — > lin^ F^^{U). 

(a) for any U € Op{X) one has the isomorphism ^m F{V) ^ ^m F~^~^{V). 

VccU VccU 

Proof, (i) By Lemma [1.2.91 for each U S Op(X) with U DD V we have a 
commutative diagram 

F++(U) ^F++{V) 



F{U) ^F{V) 

This implies that the identity morphism of lin^ factors through lin^ F^^[U). 

On the other hand this also implies that the identity morphism of lin^ F^~^{U) 

factors through lii^ F{U). Then lii^ F{U) ^ In^ F++{U). 
uziDV uddv uddv 



The proof of (ii) is similar. 



□ 



Corollary 1.2.11 Let X be a quasi- compact and locally weakly quasi- compact 
space, and let F G Psh(A;x)- If F is a sheaf on , then the natural mor- 
phism 

(1.5) F{X) ^ F++{X) 

is an isomorphism. 

Proof. It follows immediately from Corollary 11.2.101 (i) with V = X. □ 

Let {Fi}i^i be a filtrant inductive system in Mod(A;x)- One sets 
"lir^"Fj — inductive limit in the category of presheaves, 

i 

Im^Fj = inductive limit in the category of sheaves. 

i 

Recah that lir^Fi = ("lii^"Fi)++. 

i i 

Proposition 1.2.12 Let {i^jjjgi be a filtrant inductive system in Mod(/cx) 
and let U G Op{X). Then for any V € Op^{U) the morphism 

TiU-lu^Fi) ^T{V;l\^Fi) 

i i 

factors through lin^ r(y; Fj). 

i 

Proof. By Lemma 11.2.91 it is enough to show that "lin^"i<i is a sheaf on 

i 

X^ . Let U E Op(X) and S G CoY^iU). Since lin^ commutes with finite 

i 

projective limits we obtain the isomorphism ("lin^"Fj)(S') ~ \\n^Fi[S). The 

i i 

result follows because Fi € Mod(/cx) for each i ^ I. □ 



Corollary 1.2.13 Let {Fjjjgi be a filtrant inductive system in Mod(/cx)- 
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(i) For any V G Op'^(X) one has the isomorphism lir^ T{U;Fi) 

U:::DV,i 

ligi r{U;lh^Fi). 

UDDV i 

(ii) For any U € Op(X) one has the isomorphism ^im lw^T(V;Fi) —> 

VccU i 

^ T{V]\\x^Fi). 

yccc/ i 

Proof. It follows from Corollary [Ljini with F = "lir^"Fi. □ 



Corollary 1.2.14 LetX he a quasi-compact and locally weakly quasi-compact 
space. Then the natural morphism 

h^T{X-Fi) ^T{X-\\r^Fi) 

i i 

is an isomorphism. 

Proof. It follows from Corollary [LMU with F = "lir^"Fi. □ 

i 



Example 1.2.15 Let us consider the formula 

(1.6) In^ T{U;Fi)^ lii^ r(C/;lii^Fi) 

UD^V,i U^DV i 

(i) Let X he a Noetherian space and let V € Op(X). Then T[V\F) ~ 
lin^ T{U]F), since every open set is quasi-compact and (|1.6p becomes 

lu^T{V;Fi)^r{V;lu^Fi). 

i i 

(a) Assume that X has a hasis of quasi-compact open suhsets and let V € 
Op^(X). Then V is contained in a quasi-compact open subset of X and 
lin^ T{U\F) ~ lin^ T(W]F), where W ranges through the family of 

quasi-compact suhsets of X. 

(Hi) Let X be a locally compact space and let V E Op^(X). Then TiV; F) ~ 
lii^ T{U;F), and becomes lii^r(F;Fj) ~ r(F;lii^Fi). 
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(iv) Let be a vector bundle endowed with the conic topology, and let V G 
Op'^{E^+). Then lin^ T [U ] F) ^ T [K ; F) , where K is the union of the 
UddV 

closures ofVz in Z and V in , and (11.6^ becomes \m^{K] Fi) ~ 
V{K-\u^Fi). 

i 

Lemma 1.2.16 Let F € Psh(A;x)- Then we have the isomorphism 
1^ lii^ F{W) ^ ^ F{V). 

Proof. The result follows since for each V € 0]f{X) there exists W G 
Op^(X) such that V CCW since X is locally weakly compact. Let U,V CC 
X such that U DD V. The restriction morphism F{U) — >■ F{V) factors 
through lin^ F{W). Taking the projective limit we obtain the result. □ 

wddv 

Remark 1.2.17 The notion of locally weakly quasi-compact can be extended 
to the case of a site, by generalizing the hypothesis LWC1-LWC3. For our 
purpose we are interested in the topological setting and we refer to 126] for 
this approach. 

1.3 c-soft sheaves on locally weakly quasi-compact spaces 

Let X be a locally weakly quasi-compact space, and consider the category 
Mod(A:x)- 

Definition 1.3.1 We say that a sheaf F on X is c-soft if the restriction 
morphism T(W\F) — )• lin^ T{U]F) is surjective for each V,W G Op'^{X) 

uddv 

with V CC W. 

It follows from the definition that injective sheaves and flabby sheaves 
are c-soft. Moreover, it follows from Corollarv 11.2.131 that filtrant inductive 
limits of c-soft sheaves are c-soft. 

Proposition 1.3.2 Let ^ F' ^ F ^ F" ^ be an exact sequence in 
Mod(/cx), and assume that F' is c-soft. Then the sequence 

^ lii^ T{U;F') lir^ T{U;F) lii^ r{U;F") 

u^dv ud^v uddv 

is exact for any V € Op'^{X). 
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Proof. Let s" G In^ T(U; F"). Then there exists [/ DD V such that s" is 

represented by G T{U\F"). Let {C/jjjg/ G Cov(f/) such that there exists 
Si G r(C/j; F) whose image is s^|;7j for each There exists W G Op'^(C/) with 
ly DD y, a finite covering {Wj}"^^ of W and a map e : J — ?> / of the index 
sets such that Wj CC ^^E(j)- We may argue by induction on n. If n = 2, 
set Ui = i = 1,2. Then (si — S2)|[/inC/2 befongs to r(f7i n U2;F'), and 

its restriction defines an element of lii^ T{W'; F'), hence it extends 

W'D^WinW2 

to s' G T{U;F'). By replacing si with si — s' on Wi we may assume that 
si = S2 on WiriW2- Then there exists s G T{Wi L>W2;F) with sIh/; = Si- 
Thus the induction proceeds. □ 



Proposition 1.3.3 Let ^ F' ^ F ^ F" ^ be an exact sequence in 
Mod(/cx); md assume F',F c-soft. Then F" is c-soft. 

Proof. Let V,W £ Op'^(X) with V CC W and let us consider the diagram 
below 

r{W; F) ^ T{W; F") 



lii^ r(C/;F) 



7 

Ik^ T{U;F") 



The morphism a is surjective since F is c-soft and /3 is surjective by Propo- 
sition [TT3]2j Then 7 is surjective. □ 



Proposition 1.3.4 The family of c-soft sheaves is injective respect to the 
functor liuj T{U;») for each V G Op'^(X). 

uddv 

Proof. The family of c-soft sheaves contains injective sheaves, hence it is 
cogenerating. Then the result follows from Propositions 11.3.21 and 11.3.31 □ 

Assume the following hypothesis 
(1.7) X has a countable cover {Un}neN with C/„ G Op'^(X), Vn G N. 
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Lemma 1.3.5 Assume (jl.7p . Then there exists a covering {l^ijneN of X 
such that Vn CC Vn+i and Vn € 0'p^{X) for each n € N. 

Proof. Let {Un}n&i be a countable cover of X with Un S Op^(X) for each 
n G N. Set Vi = Ui. Given {Fjf^i with Fi+i DD V^, z = 1, . . . , n - 1, let us 
construct Vn+i DD Vn- Consider x ^ T^i- Up to take a permutation of N we 
may assume x G Un+i- Since X is locally weakly quasi-compact there exists 
Vn+i € Op'=(X) such that K U Un+i CC K+i- □ 



Proposition 1.3.6 Assume (II. 7p . T/ien i/ie category of c-soft sheaves is 
injective respect to the functor T {X ;•) . 

Proof. Take an exact sequence ^ F' ^ F ^ F" — )• , and suppose 
F' c-soft. Consider a covering {V^jneN of X such that Vn CC Vn+i (and 
Vn S Op'^{X)) for each n € N. All the sequences 

0^ lii^ T{Un;F')^ lu^ T{Un;F)^ In^ TiUn]F")^0 

u„ddv„ u„ddv„ u„ddv„ 

are exact by Proposition 11.3.21 and the morphism lin^ T{Un+i', F') 

Un + lDDVn + l 

liuj T{Un',F') is surjective for all n. Then by Proposition 1.12.3 of [20] 

u„ddv„ 

the sequence 

0^^ lii^ r{Un;F') ^l^m Ih^ T{Un;F) -^l^ lii^ r(;7„;F")^0 
is exact. By Lemma 11.2.161 l^m lin^ T{Un',G) ~ T{X;G) for any G G 

n U„DDV„ 

Mod{kx) and the result follows. □ 



Example 1.3.7 Let us consider some particular cases 

(i) When X is Noetherian c-soft sheaves are flabby sheaves. 

(a) When X has a basis of quasi-compact open subsets F € Mod(A;js:) is 
c-soft if the restriction morphism T(U ; F) — ?> T{V; F) is surjective, for 
any quasi-compact open subsets U,V of X with U ^V. 
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(in) When X is a locally compact space countable at infinity, then we recover 
c-soft sheaves as in chapter II of f20i/ . 

(iv) When is a vector bundle endowed with the conic topology, then 

F E Mod(/c£;^^) is c-soft if the restriction morphism T{Et^+;F) — t- 
T{K]F) is surjective, where K is defined as in Example \ 1.2. 151 



2 Sheaves on T-spaces. 

In the following we shall assume that A; is a field and X is a topological 
space. Below we give the definition of T-space, adapting the construction 
of Kashiwara and Schapira [23j. We study the category of sheaves on XT- 
generalizing results already known in the case of subanalytic sheaves. Then 
we prove that as in [15] the category of sheaves on Xj- is equivalent to the 
category of sheaves on a locally weakly-compact topological space X-j-, the 
T-spectrum, which generalizes the notion of o-minimal spectrum. 



2.1 T-sheaves 

Let X be a topological space and let us consider a family T of open subsets 
of X. 



Definition 2.1.1 The topological space X is a T-space if the family T sat- 
isfies the hypotheses below 



(2.1) 



(i) T is a basis for the topology of X, and € T, 
(a) T is closed under finite unions and intersections, 
^(iii) every U ^ T has finitely many T- connected components, 



where we define: 

• a T -subset is a finite Boolean combination of elements of T; 

• a closed (resp. open) T -subset is a T -subset which is closed (resp. 
open) in X ; 

• a T-connected subset is a T-subset which is not the disjoint union of 
two proper clopen T- subsets. 

Let X be a T-space. One can endow the category T with a Grothendieck 
topology, called the T-topology, in the following way: a family {Ui}i in T 
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is a covering of U G T if it admits a finite subcover. We denote by Xj- the 
associated site, write for short k-j- instead of kx-j-, and let p : X Xj- be 
the natural morphism of sites. We have functors 

(2.2) Mod(A;x) Mod(A:r). 

Proposition 2.1.2 We have p^^ o ~ id. In particular the functor is 
fully faithful. 

Proof. Let V € Op(X) and let G e Mod(A;r)- Then p-^G = 
where p'^G S Psh(A;x) is defined by 

Op{X)3V^ Ih^ G{U). 

UDV,U(£T 

In particular, when [/ G T, p^G{U) = G{U). 

Let F G Modikx) and denote by i : Mod(fex) — > Psh(/cx) the forget- 
ful functor. The adjunction morphism p'^ o p^ — id in Psh(A;x) defines 
p^Pt:F lF. This morphism is an isomorphism on T, since p^ p^:F{U) ~ 
~ F{U) ~ iF{U) when [/ G T. By dH]) (i) T forms a basis for the 
topology of X, hence we get an isomorphism 

p-^p^F ~ ~ ~ F 

and the result follows. □ 



Proposition 2.1.3 Let {Fi}i^j be a filtrant inductive system in Mod(A;7-) 
and let U & T- Then 

lir^r(C/;Fi) ^r(C/;lir^F,). 
i i 

Proof. Denote by "lin^"Fj the presheaf V i-> liujTjV; Fj) on Xr- Let 

i i 

U F and let S be a finite covering of U. Since lin^ commutes with finite 

i 

projective limits we obtain the isomorphism ("lin^"Fj)(S') — )• lin^Fj(S') and 

i i 

Fi{U) —7- Fi{S) since Fi G Mod(/c7-) for each i. Moreover the family of finite 
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coverings of U is cofinal in Cov(L'"). Hence "li^"Fj ^ ("li^"Fj)+. Applying 

i i 

once again the functor (•)+ wc get 

"lir^"F^ ~ ("lir^"Fi)+ ~ ("lii^"i?;)++ ~ Ih^Fj. 

i i i i 

Hence applying the functor T{U ; •) we obtain the isomorphism lir^r(J7; F^) 
T(U; Ih^Fi) for each U eT. * □ 

i 



Proposition 2.1.4 Let F be a presheaf on Xj- and assume that 

(i) F{0) = 0, 

(ii) For any U,V £ T the sequence F{U UV) ^ F{U) F{V) 
F{UnV)is exact. 

Then F G Mod{kr). 

Proof. Let U G T and let {Uj}^^^ be a finite covering of U. Set for short 
Uij = C/j n Uj . We have to show the exactness of the sequence 

^ F{U) ^ ei<ik<ni^(C/fe) ^ ®l<i<j<nFiUij), 

where the second morphism sends (sfc)i<fc<n to {tij)i<i<j<n by tjj = Si\u^j - 
Sj\uij- We shall argue by induction on n. For n = 1 the result is trivial, and 
n = 2 is the hypothesis. Suppose that the assertion is true for j < n — 1 and 
set U' = Ui<A;<n ^k- By the induction hypothesis the following commutative 
diagram is exact 



F{U) F{U') © F{Un) F{U' n Un) 

®i<n nUi) e FiUn) e,<„ F{Uin) 
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Then the result fohows. 



□ 



2.2 T-coherent sheaves 

Let us consider the category Mod(A;x) of sheaves of A;x-niodules on X, and 
denote by K, the subcategory whose objects are the sheaves F = (Bi£iku. 
with / finite and Ui T for each i. 

Definition 2.2.1 Let T be a subfamily of Op{X) satisfying l\2.1\i . and let 
F G Mod(A:x). 

(i) F is T -finite if there exists an epimorphism G ^ F with G G fC. 

(a) F is T -pseudo-coherent if for any morphism ip : G ^ F with G € IC, 
ker'0 is F -finite. 

(Hi) F is T-coherent if it is both T-finite and T -pseudo-coherent. 

Remark that (ii) is equivalent to the same condition with "G is T-finite" 
instead of "G E /C". One denotes by Coh(T) the full subcategory of Mod(fcx) 
consisting of T-coherent sheaves. It is easy (see |21] . Exercise 8.23) to prove 
that Coh(T) is additive and stable by kernels. 

Proposition 2.2.2 Let U (z T and consider the constant sheaf kjj^^ G 
Mod(A;7-). We have ku^^ ~ p^kjj. 

Proof. Let F be the presheaf on Xj- defined by F{V) = k ii V C U, 
F{V) = otherwise. This is a separated presheaf and kjjj^^ = F'^^ . More- 
over there is an injective arrow F(y) ^ p*ku{V) for each V G Op(X7-). 
Hence T"*""^ ^ p*ku since the functor (•)^^ is exact. Let 5 C T be the sub- 
family of T-connected elements. Then S forms a basis for the Grothendieck 
topology of Xf. For each G 5 we have F{W) ~ p^.ku{W) k if W C U 
and F{W) = otherwise. Then ~ p*ku- 



Proposition 2.2.3 The restriction of p^, to Coh(T) is exact. 
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Proof. Let us consider an epimorphism G -» F in Coh(T), we have 
to prove that ip : p^G — )• p.^F is an epimorphism. Let U G T and let 
/ s G T{U;p^F) ~ Homfc^(%,F) (by adjunction). Set G' = G Xpku = 
ker(G (B ku ^ F). Then G' G Coh(T) and moreover G' kjj- There exists 
a finite {Ui}i(zj C T of T-connected elements such that (Bikij. G'. The 
composition ku- G' ^ kjj is given by the multiplication by S k. Set 
-^0 = {kui'i ffli 7^ 0}, we may assume Oj = 1. We get a diagram 

^ G' ^ G 

ku^^F. 

The composition kjj- G' G defines ti € Hom^j^ , G) ~ T[Ui; p.^G). 
Hence for each s G r([/; p^fF) there exists a finite covering {Ui} of U and 
G r([/j; p^G) such that V'(^i) = s\u.. This means that ^/^ is surjective. □ 




Notation 2.2.4 Since the functor p^, is fully faithfuU and exact on Coh(T), 
we will often identify Coh(T) with its image in Mod{k-i-) and write F instead 
ofp^F forFe Coh(r). 

Theorem 2.2.5 The following hold: 

(i) The category Coh(T) is stable by finite sums, kernels, cokernels and 
extensions in Mod{kf). 

(a) The category Coh(T) is stable by • • in Mod(A;7-). 

Proof, (i) The result follows from a general result of homological algebra 
of [22j, Appendix A.l. With the notations of |22| let P be the set of finite 
families of elements of T, for U = {f/jjjg/ G P set 

L{U) = Qikui, 

for V = {Vj}jej G P set 

Homp(W, V) = Romk^{L{U),L{V)) = ®i (Bj Homfc^(%^, A;;/.) 
and for F G Mod(A;7-) set 

H{U,F) = Romkr{L{U),F) = eiHomfc^(%^, F). 
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By Proposition A.l of |22) in order to prove (i) it is enough to prove the 
properties (A.1)-(A.4) below: 

(A.l) For any U = {Ui} G P the functor H{U, •) is left exact in Mod(A:r)- 

(A. 2) For any morphism (7 : V — > W in P, there exists a morphism f -.U ^ V 
in P such that U ^ V W is exact. 

(A. 3) For any epimorphism / : F ^ G in Mod{kr), U eP and ip G H(U, G), 
there exists V € P and an epimorphism g G Homp(V,Z//) and tp G 
H{V, F) such that tp o g = f o (p. 

(A. 4) For any ZY,V G P and V € H{U,L{V)) there exists W G P and an 
epimorphism / G Homp(VV,^) and a morphism g G Homp(W,^/) 
such that L{g) = ip o f in HomA.^(L(W), L(V)). 

It is easy to check that the axioms (A.1)-(A.4) are satisfied, 
(ii) Let F G Coh(T). Then F has a resolution 

with / and J finite. Let ^ G T. The sequence 

®jejkvnUj ©iGT^nc/, Fv ^0 

is exact. Then it follows from (i) that Fy is coherent. Let G G Coh(T). The 
sequence 

®jejGu^ (BieiGu, ^ G Ofc^ F ^ 

is exact. The sheaves Gui and Gu^ are coherent for each i ^ I and each 
j G J. Hence it follows by (i) that G ^ coherent as required. □ 

Corollary 2.2.6 The following hold: 

(i) The category Coh(T) is stable by finite sums, kernels, cokernels in 
Mod(fex). 

(ii) The category Coh(T) is stable by • (8>fcjf • 'in Mod(/cx)- 

Proof, (i) The stability under finite sums and kernels is easy, see |21| . 
Exercise 8.23. Let F, G G Coh(T) and let : F ^ G be a morphism in 
Mod(/cx)- Then p*{(p) is a morphism in Mod(A;7-) and coker(/9*(/5) G Coh(T) 
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by Theorem 12.2.51 We have cokei{p^ip) ~ p^coker^? since is exact on 
Coh(T) by Proposition 12 . 2 . 3l Composing with and applying Proposition 
12.1.21 we obtain coker(y9 € Coh(T). 

(ii) The proof of the stabihty by • • is similar to that of Theorem 
[2X51 □ 



Theorem 2.2.7 (i) Let G € Coh(T) and let {Fi} he a filtrant inductive 
system in Mod{kj-). Then we have an isomorphism 

Iin^Homfc^(p»G',Fi) ^ Homfe^(/3*G, ligiFj). 

i i 

(a) Let F G yiod{kj-). There exists a small filtrant inductive system 
{Fi}i<zi in Coh(T) such that F ~ Vm^ p^Fj. 

i 

Proof, (i) There exists an exact sequence Gi — t- Gq ^ G — > with Gi, Gq 
finite direct sums of constant sheaves ku with U € T. Since p^, is exact on 
Coh(T) and commutes with finite sums, by Proposition 12 . 2 . 2] we are reduced 
to prove the isomorphism lir^r(f7; Fi) ^ T{U ; lin^Fj). Then the result follows 

i i 

from Proposition 12.1.31 

(ii) Let F G Mod(A;r), and define 

Jo := {{U,sy, UeT, seT{U;F)} 
Go '■= ®{u,s)€ioP*^u 

The morphism p^kjj F, where the section 1 G T{U;ku) is sent to s G 
T{U;F) defines un epimorphism (p : Gq ^ F. Replacing F by kevip we 
construct a sheaf Gi = (B(^v,t)eliP*f^V and an epimorphism Gi kerc^. 
Hence we get an exact sequence Gi — )• Gq ^ -F — > 0. For Jq C Iq set for 
short Gjo = (B[u,s)eJoP*^U and define similarly Gj^. Set 

J = {(Ji, Jo); Jk C Lk, Jk is finite and imiplcj^ C Gj^}. 

The category J is filtrant and F ~ lin^ coker (Gj^ Gj^). □ 

(Ji,Jo)eJ 
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Corollary 2.2.8 Let G € Coh(T) and let {Fi} be a filtrant inductive system 
in M.od{k-r)- Then we have an isomorphism 

linjHomk^{G,Fi) ^ 'Homk^{G,lm^Fi). 

i i 
Proof. Let U We have the chain of isomorphisms 

T{U-l\T^nomk^{G,Fi)) ~ lu^T{U-nomkr{G,Fi)) 

i i 

~ liujRomk^{Gu,Fi)) 

i 

~ Homfc^(Gc/,l_in^Fi)) 

i 

~ T{U;nomkr{G,\\i^F,)), 

i 

where the first and the third isomorphism fohow from Theorem \2.2.7\ (i) . the 
fact that Gu G Coh(r) follows from Theorem [2^ (ii). □ 



2.3 T-sheaves on locally weakly quasi-compact spaces 

Assume that X is a locally weakly quasi-compact space. 

Lemma 2.3.1 For each U € Op^{X) there exists V £ T such that U CC 
V CC X. 

Proof. Since X is locally weakly quasi-compact we may find W G Op^{X) 
such that U CC W. By (j2.ip (i) we may find a covering of X 

with Wi G T and Wi CC X for each i & L Then there exists a finite 
family whose union V = Uj^^ Wj contains W. Then ^ € T and 

C/CCl/CCX. □ 

When X is locally weakly quasi-compact we can construct a left adjoint 
to the functor p^^. 

Proposition 2.3.2 Let F G Mod{kr), and let U £ Op(X). Then 

r{U;p-^F)^ 1^ r{V;F) 
vccuyeT 
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Proof. By Theorem 12 . 2 . 71 we may assume F = with Fi € Coh(T). 

i 

Then p~^F liu^p^^ p^Fj ~ lin^-Fj. We have the chain of isomorphisms 

i i 

r(f7;p-iF) ~ 1^1 lin^r {W;p~'^F) ~ 1^ lm^r{W;lm^p-^ p^Fi) 
vccuyeTVccw vccuyeTVccw i 

lii^r(VF;p-V*i^i) - ^ \u^V{V;p-^p^Fi) 
vccu,veTVccw,i vccuyeT « 

~ ^ lh^T{V;p^F^) ~ ^ r(y;F), 

where the first and the fourth isomorphisms follow from Lemma 11.2.161 the 
third isomorphism is a consequence of Corollary 11.2.131 ^-^d the last isomor- 
phism follows from Proposition 12.1.31 □ 



Proposition 2.3.3 The functor p admits a left adjoint, denoted by p\. It 
satisfies 

(i) for F € Mod(/cx) o-nd U € F, p\F is the sheaf associated to thepresheaf 
lu^r{V;F), 

uccv 

(a) For U € Op(X) one has p\ku ~ lin^ ky- 

vccuyeT 

Proof. Let F G Psh(A:7-) be the presheaf U i-^- lin^ T{V;F), and let 

Uccv 

G G Mod(A;7-). We will construct morphisms 

Hompsh(fc^) (F, G) Homfc^ (F, p-^G) . 

To define ^, let : F — )■ G and U G Op{X). Then the morphism ^((^)([/) : 
F{U) p~^G{U) is defined as foUows 

F{U)^ 1^ lii^ F(Ty) ^ ^ G{V)c^ p-^G{U). 
VccuyeTVccw vccuyeT 

On the other hand, let ip : F ^ P^^G and U G T- Then the morphism 
■0{'tlj){U) : F{U) G{U) is defined as follows 
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F{U) ~ lii^ F{V) A lii^ P~^G{V) G{U). 

uccVeT c/ccVgT 

By construction one can check that the morphism ^ and are inverse to 
each others. Then (i) follows from the chain of isomorphisms 

Homp,h(fc^)(F,G) ~ Homfc^(F++,G) ~ Homfc^(F++, G). 

To show (ii), consider the following sequence of isomorphisms 

Homfc^(/9!%,F) ~ Romk^ {ku,p~^F) 

~ ^im }ioiiii:^{kv, F) 

vccuyeT 
~ Homfc^( lii^ kv,F), 
VCCU,V€T 

where the second isomorphism follows from Proposition I2.3.2I □ 



Proposition 2.3.4 The functor p\ is exact and commutes with lin^ and 0. 

Proof. It follows by adjunction that p\ is right exact and commutes with 
lin^ , so let us show that it is also left exact. With the notations of Propo- 
sition [2331 let F G Mod{kx), and let F G Psh(/cr) be the presheaf U ^ 
lir^ T{V;F). Then p^F ~ and the functors F ^ F and G ^ G++ 

uccv 

are left exact. 

Let us show that p\ commutes with (g). Let F,G & Mod(A;x), the morphism 

In^ F{V) 0fc In^ GiV) ^ lir^ iF{V) 0^ G(y)) 

Uccv Uccv Uccv 

defines a morphism in Mod{kj-) 

p\F PlG p\{F ®kx G) 

by Proposition 12.3.3] (i). Since p\ commutes with lin^ we may suppose that 
F = kjj and G = ky and the result follows from Proposition 12.3.3] (ii). □ 
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Proposition 2.3.5 The functor p\ is fully faithful. In particular one has 
p"^ o p! ~ id. Moreover, for F G M.od{kx) and G G Mod(A;7-) one has 

p~^nomkr{p\F,G) '^Homu^iF, p-^G). 

Proof. For F,G & Mod(fex) by adjunction we liave 

Homfe^(p-V!i^,G) ^ Homfc^(F,p-V*G) ~ Homfe^(F,G). 

This also implies that p\ is fully faithful, in fact 

Bouik^ipiF, piG) ~ }iomkx{F,p~^piG) ~ Homfe^(F,G). 

Now let K,F e Mod(A;x) and G G Mod(A;r), we have 

Romk^{K,p^^nomk^{p\F,G)) ~ Ronik^ {pi K^nomk^i pi F,G)) 

~ Uorak^ipiK p\F,G) 
~ Homfe^(p!(i^®fe^F),G) 
~ Homfe^(K®jfc^F,p-iG) 
~ Homfe^(K,Homfe^(F,p-iG)). 

□ 



Finally let us consider sheaves of rings in Mod{kf). If ^ is a sheaf of rings 
in Mod{kx), then p^:A and p\A are sheaves of rings in Mod(fc7-). 

Let be a sheaf of unitary A;-algebras on X, and let A G Psh(A;7-) be 
the presheaf defined by the correspondence T 3 U ^ lin^ T{V;A). Let 

UCCV 

F G Psh(fc7-), and assume that, for V C U, with U,V E T, the following 
diagram is commutative: 

r{U;A)^kr{U;F) — ^m^F) 
r{V; A) ®k r{V; F) — - r{v- F). 

In this case one says that F is a presheaf of ^-modules on T. 

Proposition 2.3.6 Let A be a sheaf of k-algebras on X, and let F he a 

presheaf of A-modules on X-j-- Then F^~^ G Mod{p\A). 
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Proof. Let U gT, and let r G lin^ T{V;A). Then r defines a morphism 

Uccv 

In^ T{V;A) T{W;F) T{W;F) for each W C U, W e T, hence an 

Uccv 

endomorphism of {F'^'^)\ij^^ ~ {F\i/^^)~^~^ . This morphism defines a mor- 
phism of presheaves A —?■ 8nd{F'^~^) and ~ p\A by Proposition 12.3.31 
Then F++ G Mod(p!^). □ 



2.4 T-flabby sheaves 

Definition 2.4.1 We say that an object F G Mod(A;7-) is T-flabby if for 
each U,V T with V ^ U the restriction morphism T{V; F) T{U ; F) is 
surjective. 

It follows from the definition that injective sheaves are T-flabby. 

Proposition 2.4.2 The following hold: 

(i) Let Fi be a filtrant inductive system of T-flabby sheaves. Then lir^-Fj 

i 

is T-flabby. 

(a) Products of T-flabby objects are T-flabby. 

Proof. We will only prove (i) since the proof of (ii) is similar since taking 
products is exact and commutes with taking sections. Let C/ G T. Then for 
each i the restriction morphism T{V;Fi) T{U;Fi) is surjective. Applying 
the exact lin^ and using Proposition 12.1.31 morphism 

i 

TiV; lu^Fi) ~ lii^r(y; Fi) ^ lir^r(C/; Fi) ~ r(C/; lu^F,) 

i i i i 

is surjective. □ 



Proposition 2.4.3 The full additive subcategory of y[od{k-Y) of T-flabby 
object is r(C/; •)-injective for every U & T, i.e.: 

(i) For every F G Mod(A;7-) there exists a T-flabby object F' G Mod(A;7-) 
and an exact sequence ^ F ^ F'. 
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(ii) Let ^ F' F F" Q he an exact sequence in Mod(A;7-) and 
assume that F' is T-flabby. Then the sequence 



r{U; F') V{U; F) V{U; F") 

is exact. 

(Hi) Let F',F,F" G Mod(fc7-), and consider the exact sequence 

^ F' ^ F ^ F" ^ 0. 

Suppose that F' is T-flabby. Then F is T-flabby if and only if F" is 
T-flabby. 

Proof, (i) It follows from the definition that injective sheaves are T-fiabby. 

50 (i) holds since it is true for injective sheaves. Indeed, as a Grothendieck 
category, Mod(A;7-) admits enough injectives. 

(ii) Let s" G r{U;F"), and let {14}f=i e Cov([7) be such that there exists 

51 € T{Vi;F) whose image is s"\y.. For n > 2 on Vi PI V2 si — S2 defines 
a section of r(Vi n V2;F') which extends to s' G r{U]F') since F' is T- 
flabby. Replace si with si — s' (identifying s' with it's image in F). We may 
suppose that si = S2 on Vi n V2. Then there exists t G T{Vi LiV2,F) such 
that t\vi = Si, i = 1, 2. Thus the induction proceeds. 

(iii) Let U,V G T with V ^ U and let us consider the diagram below 

^ r{V; F') ^ T{V; F) ^ V{V- F") ^ 

7 

^ T{U- F') > T{U- F) ^ V{U- F") ^ 

where the row are exact by (ii) and the morphism a is surjective since F' is 
T-flabby. It follows from the five lemma that /3 is surjective if and only if 7 
is surjective. □ 



Theorem 2.4.4 Let F G Mod(/E7-). Then the following hold: 

(i) F is T-flabby if and only if the functor Ilomk^{», F) is exact on Coh(T). 

(ii) If F is T-flabby then the functor Tiomk-yi*, F) is exact on Coh(T). 
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Proof, (i) is a consequence of a general result of homological algebra (see 
Theorem 8.7.2 of [21]). For (ii), let F G Mod(A;r) be T-flabby. There is an 
isomorphism of functors 

r(C/; ?^omfc^(., F)) ~ Homfc^((.)t/, F) 

for each U £ T. By Theorem 12.2.51 and (i) the functor Homfc^((«)t/, F) is 
exact on Coh(T) and so the functor 7iomkj-{», F) is also exact on Coh(T). □ 



Theorem 2.4.5 Let G G Coh(T). Then the following hold: 

(i) The family of T-flabby sheaves is injective with respect to the functor 
Homfc^(G, •). 

(ii) The family of T-flabby sheaves is injective with respect to the functor 
7iomk^{G,»). 

Proof, (i) Let G G Coh(r). Let ^ F' ^ F ^ F" ^ be an exact 
sequence in Mod(A;7-) and assume that F' is T-flabby. We have to show that 
the sequence 

Homfc^(G,F') ^ Homfe^(G,F) ^ Homfc^(G,F") ^ 

is exact. 

There is an epimorphism if : (Bi^iku- — > G where / is finite and Ui £ T 
for each i £ F The sequence — )• kerc/? (Bi^iku. ^ G — )• is exact. We 
set for short Gi = ker ip and G2 = ®i<^iku.. We get the following diagram 
where the first column is exact by Theorem 12.4.41 (i) 



Homfe^(G, F') ^ Homfc^(G, F) ^ Homfc^(G, F") ^ 

Homfc^(G2, F') Homfc^(G2, F) Homfc^(G2, F") 

Homfc^(Gi, F') Homfc^(Gi, F) Homfc^(Gi, F") 





27 



The second row is exact by Proposition 12.4.31 (ii), hence the top row is 
exact by the snake lemma. 



(ii) Let G € Coh(T). It is enough to check that for each U (z T and each 
exact sequence ^ F' ^ F — > F" — )• with F' T-flabby, the sequence 

^r{U;nomkr{G,F')) ^ T{U]Homk^{G, F)) ^ T{U-Homkr{G, F")) ^0 

is exact. We have 

T{U,nomk^{G, •)) ~ Homfc.^(G(7, •), 

and, by (i) and the fact that Gu £ Coh(T) (Theorem EXS] (ii)), T-flabby 
objects are injective with respect to the functor Homfc.^(G(/, •) for each 
G G Coh(T), and for each U eT. □ 



Proposition 2.4.6 Let F € Mod{k'j-). Then F is T-flabby if and only if 
l-Lonrik-j-iG^F) is T-flabby for each G G Coh(T). 

Proof. Suppose that F is T-flabby, and let G € Coh(T). We have 

Homfc.^(«,?^omfc.^(G, T)) ~ Homfc^(« G,F) 

and Homfc^(«®fc.^ G, F) is exact on Coh(T) by Theorems 12.2.51 (ii) and l2.4.41 
(i)- 

Suppose that 'Homk^{G, F) is T-flabby for each G G Coh(T). Let U,V (z 
T with V DU. For each W £T the morphism r{V; TwF) r{U; FwF) 
is surjective. Hence the morphism 

r{V;F) ~ T{V;TvF) 

^ T{U;TvF) 

~ T{U;F) 

is surjective. □ 

Let us consider the following subcategory of Mod(A;7-): 

Vxr •= € Mod(A;7-); G is Homfc^(«, T)-acyclic for each F G Txj-}, 
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where is the family of T-flabby objects of Mod(/i;7-). 

This category is generating, in fact if {Uj\jfzj G T, then ®j<zjku. G Vxr 
by Theorem 12.4.51 (and the fact that 

nHomfc^(«, •) ~ Homfc^(e«, •) 

and products are exact). Moreover Vx-y is stable by • '^kj- where K G 
Coh(T). In fact if G G Vxr ^"^^ ^ ^ ^Xr have 

Homfc^(G F) ~ Homfc^(G, ?^omfc^(if, F)) 

and T-Lomk^{K, F) is T-flabby by Proposition 12.4.51 In particular, if G G 
Vxt then Gu G Vxr for every U G Op(Xr). 

Theorem 2.4.7 The category (V'^^ , Tx-j-) injective with respect to the 
functors Homfc^(«,«) and 7iomkj-{»,»)- 

Proof, (i) Let G G Vxr and consider an exact sequence ^ F' ^ F ^ 
F" —7- with F' T-flabby. We have to prove that the sequence 

Homfc^(G, F') Homfc^(G, F) Homfe^(G, F") 

is exact. Since the functor Homfc.^(G, •) is acyclic on T-flabby sheaves we 
obtain the result. 

Let F be T-flabby, and let ^ G' G ^ G" —t- be an exact sequence 
on Vxj-- Since the objects of Vxr ^^e Homfc.^(«, T)-acyclic the sequence 

Homfc^(G",T) ^ Homfc^(G,T) ^ Homfc^(G',T) ^ 

is exact. 

(ii) Let G G Vx-j-, and let — )• T' — )• T — )• F" ^ be an exact sequence 
with F' T-flabby. We shall show that for each U T the sequence 

^ r{U;nomkr{G,F')) T{U]Homkr{G, F)) T{U-Homkr{G, F")) 

is exact. This is equivalent to show that for each U € T the sequence 

^ Homfc^(G{/, F') ^ Homfc^(Gf/, F) ^ Homfc^(Gc/, F") ^ 

is exact. This follows since Gjj G Vxr as we saw above. The proof of the 
exactness in PS? is similar. □ 
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Proposition 2.4.8 Let F € Mod(/c7-). The following assumptions are equiv- 
alent 

(i) F is T -flabby, 

(ii) F is Honifc^ (G, •)-ac2/c/zc for each G G Coh(T), 
(Hi) R^'iloTiik^{ky\jj , F) = for each U,V G T- 

Proof, (i) (ii) follows from Theorem 12.4. 5| (ii) (iii) setting G = ky\jj 
with [/, y G T, (iii) (i) since if R^}loiiik^{ky\jj ^ F) = for each U,V 
with V , then the restriction r(l/; F) — )• T{U ; F) is surjective. 

□ 



Let X,Y be two topological spaces and let T C Op(X), T' C Op(y) 
satisfy (j2.ip . Let / : X ^ y be a continuous map. If f^^{T') C T then / 
defines a morphism of sites / : Xj- — ?> Yj-/. 

Proposition 2.4.9 Let f : Xj- — )• I7-/ be a morphism of sites. T-flabby 
sheaves are injective with respect to the functor The functor sends 
T-flabby sheaves to T' -flabby sheaves. 

Proof. Let us consider V T' . There is an isomorphism of functors 
r(y;/,») ~ r(/-i(y);«). It follows from Proposition [233] that T-flabby 
are injective with respect to the functor T{f^^(V); •) for any V G T'. 
Let F be T-flabby and let U,V T' with V D U. Then the morphism 

T{V;f,F) = T{f-\vy,F) ^ r(/-i(C/);T) = T{U;f,F) 

is surjective. □ 



Proposition 2.4.10 Assume that X is locally weakly quasi- compact. Let 
F G Mod(/cr) be T-flabby. Then p~^F is c-soft. 

Proof. Recall that if [/ G Op{X) then r{U; p~^F) ~ ^ T{V- T), where 

y G T. Let I^ G Op(X), W CC X. It follows from Lemma [2X1] that every 
[/' DD VF, [/' G Op(X) contains [/ G T such that [/ DD VF. Hence 

lir^r(C/';T) ~lii^r(C/;T), 
i7' r/ 



30 



where U' DDW,U' £ Op(X) and [/ € T such that U DDW. We have the 
chain of isomorphisms 

lin^r 

u u vccu 

~ lii^r(?7;F) 

u 

where U & T, U DD W and V & T- The first isomorphism foUows from 
Proposition 12.3.2] and second one follows since for each U DD W , U & T, 
there exists V eT such that U DD V DD W. 

Let V,W € Op^iX) with V CC W. Since F is T-flabby and filtrant 
inductive limits are exact, the morphism lin^r(VF'; p~^F) ~ lin^ r(VF^; F) 

w w 
lu^r{U;F) ~ lu^r{U;p~^F), where W',U G T, W DD W, U V, is 
u u 

surjective. Hence r(VF; p~^F) — > lin^ r([/; p^^F) is surjective. □ 

2.5 Ti^oc-sheaves 

Let X be a T-space and let 

(2.3) Tioc = {U e Op(X) : [/ n G r for every W G T}. 

Clearly, 0,X G 7Ioc, T C Tioc and 7Ioc is closed under finite intersections. 
Definition 2.5.1 We make the following definitions: 

• a subset S of X is a Tiocsuhset if and only if S OV is a T -subset for 
every V G T; 

• a closed (resp. open) Tiocsubset is a TiocSubset which is closed (resp. 
open) in X ; 

• Tioc- connected subset is a Tioc-subset which is not the disjoint union 
of two proper clopen Tioc-subsets. 

Observe that if {Si}i is a family of Tloc-subsets such that {i : fl 7^ 0} 
is finite for every W T, then the union and the intersection of the family 
{Si}i is a Tloc-subset. Also the complement of a Tloc-subset is a Tloc-subset. 
Therefore the Tloc-subsets form a Boolean algebra. 



31 



One can endow Tioc with a Grothendieck topology in the following way: a 
family {Ui}i in TIoc is a covering of [/ € T/oc if for any V ^ T, there exists 
a finite subfamily covering U DV. We denote by Xji^^ the associated site, 
write for short kj-^^^ instead of kx^-^ , and let 

X 

p 

Xt,.. -Xt 

be the natural morphisms of sites. 

Remark 2.5.2 The forgetful functor, induced by the natural morphism of 
sites Xji^^ X-j-, gives an equivalence of categories 

Mod{kr,J ^ Mod(A:r). 

The quasi-inverse to the forgetful functor sends F € Mod(A;7-) to Fi^c G 
Mod(A;7^^J given by Fioc{U) = ]^F{U n V) for every U S Tioc- 

Therefore, we can and will identify Mod(A;7^^^) with Mod(A;7-) and apply 
the previous results for Mod(A:7-) to obtain analogues results for y[od{kji^^) . 

Recah that F € Mod(A;r) is T-flabby if the restriction T{V; F) T{U; F) 
is surjective for any U,V with V ^ U. Assume that 

(2.4) ^TIoc -'■^^^ ^ countable cover {V^jngN with 1^ G T, Vn E N. 

Proposition 2.5.3 Let F G Mod{k'j-). Then F is T-flabby if and only if 
the restriction T{X; F) — )• T{U; F) is surjective for any U € Tioc- 

Proof. Suppose that F is T-flabby. Consider a covering {V^jneN of ^TIoc 
satisfying (12. 4p . Set Un = U OVn and Sn = Vn\Un- All the sequences 

^ ku^ kv„ ^ks^^O 

are exact. Since F is T-flabby the sequence 

Uomkr{kSn,F) Homfc^(A:v'„ , T) }iomk^{ku„, F) 

is exact. Moreover the morphism }iomi^^{ks„_f_j^, F) Hom^..^(A;5„, T) is 
surjective for all n since Sn = Sn+if^Vn is open in Sn+i- Then by Proposition 
1.12.3 of [20j the sequence 

^m Homfc.^(fcg^ ,T) \^mRomk^{kv„ , F) ^mHomfc.^(%^ , T) 
n n n 
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is exact. The result follows since ^imr({7„,; G) ~ T{U;G) for any G € 

n 

Mod(A;7-) and U £ Tioc- The converse is obvious. □ 



Proposition 2.5.4 The full additive subcategory of Vlodikj-) of T-flabby 
object is T{U; •)-injective for every U E TJoc- 

Proof. Take an exact sequence ^ ^ F — ?• F" — )• 0, and suppose that 
F' is T-flabby. Consider a covering {Vn}neN of X-jj^^ satisfying (I2.4j) . Set 
Un = U nVn- All the sequences 

^ T{Un; F') ^ r(C/„; F) ^ r(C/„; F") ^ 

are exact by Proposition 12.4.31 and the morphism T(Un+i', F') — ?> T(Un',F') 
is surjective for all n. Then by Proposition 1.12.3 of [20] the sequence 

^ ]^T{Un;F') ^ ]^T{Un] F) ^ r(C/„; F") ^ 

n n 

is exact. Since \^mT{Un',G) ~ r(C/; G) for any G € Mod(/!;7-) the result fol- 
n 

lows. □ 



Let X,Y be two topological spaces and let T C Op{X), T' C Op(y) 
satisfy (12. ip . Let / : X ^ y be a continuous map. If /~^(7;q^) C TIoc then 
/ defines a morphism of sites / : Xji^^ Yq-i . 

Corollary 2.5.5 Let f : Xj^^^ — )• 1^/ be a morphism of sites. T-flabby 
sheaves are injective with respect to the functor The functor sends 
T-flabby sheaves to T' -flabby sheaves. 

Proof. Let us consider V € T/^^. There is an isomorphism of functors 
T{V;f^») ~ r(/-i(y);«). It follows from Proposition [2331 that T-flabby 
are injective with respect to the functor T{f~^(V);») for any V G T/^^. 
Let F be T-flabby and let U,V T' with V D U. Then the morphism 

T{V; f.F) = T{f-\V)-F) ^ nf-\U); F) = V{U- f,F) 

is surjective by Proposition 12.5.31 □ 
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Remark 2.5.6 An interesting case is when X is a locally weakly quasi- 
compact space and there exists S C Op(X) with T = {U G 5 : U CC X} 
satisfying (|2.ip . 

Assume that X satisfies ()1.7p . Then X has a covering {l^ijneN of X such 
that Vn T and Vn CC Vn+i for each n G N. By Lemma I j. 3.51 we may 
find a covering {Un\n<3i of X such that Un G Op'^(X) and Un CC Un+i for 
each n G N. By Lemma \2. 3. 1\ for each n G N there exists Vn such that 

Un CCVn CCUn+l. 

In this situation Proposition \2. 5.3\ and 2.5.4\ are satisfied. 



2.6 T-spectrum 

Let X be a topological space and let ^^{X) be the power set of X. Consider a 
subalgebra of the power set Boolean algebra ('P(X), C). Then is closed 
under finite unions, intersections and complements. We refer to [1] for an 
introduction to this subject. 

The Boolean algebra has an associated topological space, that we denote 
by S{J-), called its Stone space. The points in S{J-) are the ultrafilters on 
J^. Recall that an ultrafilter of is a subset a oi such that 

(i) X G Q. 

(ii) An B ^ a and only if ^ G a and B ^ a. 

(iii) ^ Q. 

(iv) yl U i? G a if and only if ^ G a or G a. 

In order to put a topology on S{J^), we consider S{J-') as a subset of the 
powerset 2"'^, identifying an ultrafilter a with its characteristic function 
la : — > 2 = {0, 1}. We equip 2 with the discrete topology and 2"^ with 
the product topology. By Tychonoff theorem, 2"^ is compact Hausdorff. The 
topology on S{J-) is the topology induced by the topology of 2"^. The topol- 
ogy on S{J-') is generated by a basis of open and closed sets consisting of all 
sets of the form 

A = {a £ S{T) : Aea}, 

where A £ T . The space S(T^ is a compact totally disconnected Hausdorff 
space, such spaces are called Stone spaces. Moreover, for each A G J-", the 
subspace A is Hausdorff and compact. 

Definition 2.6.1 Let X he a T-space and let T he the Boolean algehra of 
Tloc-suhsets of X (i.e. Boolean combinations of elements ofTioc)- The topo- 
logical space Xj- is the data of: 
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• the points of S{J-) such that U £ a for some U G T, 

• a basis for the topology is given by the family of subsets {U : U G T}. 
We call Xj- the T -spectrum of X. 

With this topology, for U T, the set U is quasi-compact in Xj- since it 
is quasi-compact in S{J^). Hence Xj- is locahy weakly quasi-compact with 
a basis of quasi-compact open subsets given by {U : U S T}. Note that if 
X G T, then Xj- = X which is a spectral topological space. 

Proposition 2.6.2 Let X be a T-space. Then there is an equivalence of 
categories Mod{k-j-) — Mod{kj^^). 

Proof. Let us consider the functor 

C*:r ^ Op(Xr) 

u ^ u. 

This defines a morphism of sites : Xj- X-f. Indeed, if y G T, 
S e Cov(F), then S = {Vi, : Vi e S} e Cov(y). Let F G Mod(A:r) and 
consider the presheaf C'^F G Psh.{kj^^) defined by C^F{U) = liuj F{V). In 

ucv 

particular, ii U = V, V G T, C^F{U) ~ F{V)- In this case, by Corollary 
11.2.111 we have the isomorphisms 

C^F{V) = (C^F)++(y) ~ C^F{V) ~ F{V). 

Then for y G T we have 

U~^F{V) ^ C^F{V) ^ F{V). 

This implies C* ° C^^ — id- On the other hand, given a G Xj- and G G 
Mod(A:^^), 

~ lil^ CMU) 

U3a,UeT 

~ Irn^ G{U) 
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since {U : U € T} forms a basis for the topology of X-j-. This impHes 
o ~ id. □ 



3 Examples 

In this section we see some examples of T-sheaves. When T is the family 
of semialgebraic open subsets of a locally semialgebraic space we obtain the 
construction of [H [7| , when T is the family of relatively compact subanalytic 
subsets of a real analytic manifold we obtain the subanalytic site of |23| I27|. 
in the case of a real vector bundle and conic subanalytic open subsets we 
obtain the conic subanaytic site, and when T is the family of open definable 
subsets of a locally definable space in a given o-minimal structure we obtain 
in the definable case the o-minimal site of |15) . The properties of T-sheaves 
studied in the previous section apply to these examples. Good references on 
o-minimality are, for example, the book ^ by Van Den Dries and the notes 
[1] by Coste. For semialgebraic geometry relevant to this paper the reader 
should consult the work by Delfs [6], Delfs and Knebusch |l7j and the book [3] 
by Bochnak, Coste and Roy, for subanalytic geometry we refer to the work 
[2j by Bierstone and Milmann. 

3.1 The semialgebraic site 

Let R = (R, <, 0, 1, +, •) be a real closed field. A locally semialgebraic space 
is a ringed space {X,Ox) with a sheaf of locally semialgebraic functions 
which is locally isomorphic to open semialgebraic subspaces {{Xi,Oxi)}iei 
with their sheaves of semialgebraic functions. This means that: 

(i) X = [j^^jXf, 

(ii) there are injective maps (pi : Xi ^ R}^ such that (pi^Xi) is a semialge- 
braic subset of 

(iii) for all j, (j)i{Xi Xj) is open in (j)i{Xi) and the transition maps <j)ij : 
<p,{x,nXj)^cPj{x,nXj) : X I— >■ (f>j{(f>i (^)) s-rs semialgebaric home- 
omorphisms. 

If / is finite, then X is a semialgebraic space. A subset A of X is semialge- 
braic if and only if there is a finite /q C / such that A C Uig/o ^^'^ ^'^^ 
each i, (t)i{A fl Xi) is a semialgebraic subset of (j)i{Xi), and, a subset B oi X 
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is locally semialgebraic if and only if for each i, B Xi is a semialgebraic 
subset of X. A map between (locally) semialgebraic spaces is (locally) semi- 
algebraic if when it is read through the charts it is (locally) semialgebarci. 
Thus we have the category of (locally) semialgebraic spaces with (locally) 
semialgebraic continuous maps. 

Let X be a locally semialgebraic space and consider the subfamily of 
Op{X) defined by T = {U £ Op{X) : U is semialgebraic}. The family 
T satisfy (j2.ip and the associated site Xj- is the semialgebraic site on X of 
[HIT]. Note also that: (i) the T-subsets of X are exactly the semialgebraic 
subsets of X (0); (ii) Tioc = {U € Op{X) : U is locally semialgebraic} and 
(iii) the T/oc-subsets of X are exactly the locally semialgebraic subsets of X 

(121). 

For each F E Mod{k'j-) there exists a filtrant inductive system {Fj}jg/ in 
Coh(T) such that F ~ lin^p^^Fj. 

i 

The subcategory of T-flabby sheaves corresponds to the subcategory of sa- 
flabby sheaves of [6] and it is injective with respect to T{U; •),[/£ Op{X-j-) 
and Homfc^(G, •), G € Coh(T). Our results on T-flabby sheaves generalize 
those for sa- flabby sheaves from [6j. 

We call in this case the T-spectrum Xj- of X the semilagebraic spectrum 
of X. The points of Xj- are the ultrafilters a of locally semialgebraic subsets 
of X such that [/ € a for some U E Op(X7-). This is a locally weakly quasi- 
compact space with basis of quasi-compact open subsets given by {[/:[/ G 
Op(X7-)} and there is an equivalence of categories Mod(/c7-) ~ Mod(/cjj^). 

When X is semialgebraic, then Xj- = X, the semialgebraic spectrum of X 
from |5], and there is an equivalence of categories Mod(A;7-) ~ Mod{kj^) ([6]). 

3.2 The subanalytic site 

Let X be a real analytic manifold and consider the subfamily of Op{X) 
defined by T = Op'^{Xsa) = {U G Op{Xsa) ■ U is subanalytic relatively 
compact}. The family T satisfies (j2.ip and the associated site Xj- is the 
subanalytic site Xga of |i23| [27] . In this case Tioc-subsets are the subanalytic 
subsets of X. 

The family Coh(T) corresponds to the family M.od^_^{kx) of R-constructible 
sheaves with compact support, and for each F G Mod(A;Xsa) there exists a 
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filtrant inductive system {Fi}i^i in Mod^_^{kx) such that F ~ lin^p^Fj. 

i 

The subcategory of T- flabby sheaves corresponds to quasi-injective sheaves 
and it is injective with respect to T{U ;•), U € Op{Xsa) and Hom^^y (G, •), 
GGModR.c(/cx). 

We call in this case the T-spectrum Xj- of X the subanalytic spectrum of 
X and denote it by X^a- The points of Xga are the ultrafilters of subanalytic 
subsets of X such that U & a for some U G Op^^Xga)- Then there is an 
equivalence of categories Mod(fcxsa) — Mod{k^ ). 

Let U G Op{X sa) and denote by Ux^a the site with the topology induced 
by Xsa- This corresponds to the site Xj-, where T = Op^(Xsa) H U. In this 
situation (j2.ip is satisfied. 

3.3 The conic subanalytic site 

Let X be a real analytic manifold endowed with a subanalytic action fi of 
R+. In other words we have a subanalytic map 

H : X xR+ ^ X, 

which satisfies, for each ^1,^2 € 

/i(x,tit2) = n{pix,ti),t2), 
fi{x, 1) = X. 

Denote by X^+ the topological space X endowed with the conic topology, 
i.e. U € Op(X]R+) if it is open for the topology of X and invariant by the 
action of M"*". We will denote by Op'^(X^+) the subcategory of Op(X]8+) 
consisting of relatively weakly quasi-compact open subsets. 

Consider the subfamily of Op(X£+) defined by 7" = Op'^{Xg^^+) = {U € 
Op^(X]g+) : U is subanalytic}. The family T satisfies (|2.ip and the associ- 
ated site Xj- is the conic subanalytic site Xg^ r+ • In this case the Tloc-subsets 
are the conic subanalytic subsets. 

Set Coh(X^„R+) = Coh(T). For each F € Mod{kx there exists a 
filtrant inductive system {Fi}i^j in Coh(Xj5Q]K+) such that F ~ linjp^Fi. 
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The subcategory of T-flabby sheaves is injective with respect to T(U; •), 
U G Op(Xs„ R+) and Homfc^ ^ (G, •), G £ Coh(X^„ 

We cah in this case the T-spectrum Xj- of X the conic subanalytic spec- 
trum of X and denote it by X^^ ^+ . The points of X^^ ^+ are the ultrafilters a 
of conic subanalytic subsets of X such that U (z a for some U G Op'^{Xg^ ^+ ) . 
Then there is an equivalence of categories Mod(A;x 5.+ ) — Mod(A;j^ ^). 

3.4 The o-minimal site 

0-minimal structures are a class of ordered structures which are a model 
theoretic (logic) generalization of interesting classical structures such as: 

• M = (M, <, 0, 1, +, •) - the field of real numbers; 

• Man = (M, <, 0, 1, +, •, (/)/gan) " the field of real numbers expanded 
by restricted globally analytic functions, i.e, functions which are zero 
outside a compact box and are given by the restriction of a power series 
converging on a neighborhood of that box (^). 

More precisely, an ordered structure 

M = {M,<,{cUc,{f)feT,{R)ReTi) 

is o-minimal if every definable subset of M in the structure is already de- 
finable in the ordered set (M, <). Given an o-minimal structure, we are 
interested on the geometry of its (locally) definable spaces. 

The model theoretic language allows a uniform development of o-minimal 
geometry in non-standard o-minimal structures. Concrete non-standard o- 
minimal structures are: 

• R{{t^)) = (M((t^)), <, 0, 1, +, ■) (or any ordered real closed field); 

. M((t^))an = (M((t^)), <, 0, 1, +, •, (/) /ean) 

where ]R((t''3)) is the field of power series with well ordered supports on 
which every restricted globally analytic function / E an can be interpreted 
in a canonical way ([10]). 

There are many important o-minimal expansions 

M = (M,<,0,l,+,-,(/)/e^) 
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of the ordered field of real numbers. For example Man, Mcxp, Man, exp, Man*, 
Man*,exp See resp., [U [30l dU [131 E]- For each such we have 2*^ many non- 
isomorphic non standard o-minimal models for each k > cardinality of the 
language. There is however a non-standard o-minimal structure 

M = (U ))'<'«' !'+'•' (/p)peR[[Ci,...,Cn]]) 

neN 

which does not came from a standard one (j24| 118)). 

O-minimal geometry include the geometry of all those (standard) tame 
analytic structures but it goes beyond and includes also a generalization of 
PL-geometry: Any ordered vector space over an ordered division ring 

M = {M,<,0,+,{Xd)deD) 

is an o-minimal structure and its definable sets are the piecewise linear sets 
with respect to the ordered division ring -D ([9j). 

Let A4 = (M, <, (c)gc, {f)f&T^ {R)ReTz) t)^ an arbitrary o-minimal struc- 
ture. A locally definable space is a space {X, Ox) with the sheaf of locally 
definable functions which is locally isomorphic to open definable subspaces 
{{Xi,Oxi)}iei with their sheaves of definable functions. This means that: 

(i) x = Ue,^.; 

(ii) there are injective maps (/>j : Xj — >■ M'' such that (pi^Xi) is a definable 
subset of M''; 

(iii) for all j, (j)i{Xi Xj) is open in (f)i{Xi) and the transition maps '■ 
(l>i{Xi riXj) — )■ <pj{Xi nXj) ■. x i— >■ cj)j{cj)~^{x)) are definable homeomor- 
phisms. 

If / is finite, then X is a definable space. A subset A of X is definable if 
and only if there is a finite Iq ^ I such that A C (J^gji^ Xi and for each 
i G /q, (t)i{A r\ Xi) is a definable subset of 0j(Xj), and, a subset S of X is 
locally definable if and only if for each i, i? PI is a definable subset of X. 
A map between (locally) definable spaces is (locally) definable if when it is 
read through the charts it is (locally) definable. Thus we have the category 
of (locally) definable spaces with (locally) definable continuous maps. 

Let X be a locally definable space and consider the subfamily of Op(X) 
defined by T = Op(Xdef) = {U e Op(X) : U is definable}. The family T 
satisfies (12. ip and the associated site X-j- is the o-minimal site Xjef of |15) . 
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Note also that: (i) the T-subsets of X are exactly the definable subsets of 
X (by the cell decomposition theorem in [9], see |15) Proposition 2.1); (ii) 
Tioc = {U G Op(X) : U is locally definable} and (iii) the Tjoc-subsets of X 
are exactly the locally definable subsets of X. 

Set Coh(X(jef) = Coh(T). For each F € Mod(fcxdof) there exists a filtrant 
inductive system in Coh(Xdef) such that F ~ Vm^p^Fj. 

i 

The subcategory of T-flabby sheaves (or definably flabby sheaves) is in- 
jective with respect to r(C/;«), \J € Op(Xdcf) and Hom^^^ (C)*)) G € 

Coh(Xdef). 

We call in this case the T-spectrum X-j of X the definable or o-minimal 
spectrum of X and denote it by X^ef ■ The points of X^gf are the ultrafilters 
OL of the Boolean algebra of locally definable subsets of X such that U (z a 
for some U € Op(X(jef)- This is a locally weakly quasi-compact space with 
basis of quasi-compact open subsets given hy {U : U € Op(Xdef )} and there 
is an equivalence of categories Mod{kx^^f) — Mod{kj^^ ^). When X is defin- 
able, then X(jef = X, the o-minimal spectrum of X from |25| 115) . and there 
is an equivalence of categories Mod{kx^^f) — Mod(/c^) f[15|). 

Finally observe that since: 

(i) an ordered real closed field R = (R, <, 0, 1, -|-, •) is an o-minimal struc- 
ture and semialgebraic sets in R are exactly the definable sets in R, a 
locally semialgebraic space X is a locally definable space in R and the 
semialgebraic site on X is the o-minimal site X^ef on X in R; 

(ii) a real analytic manifold X is a locally definable space in the o-minimal 
structure Man = <,0, 1, -|-, •, (/) /gan) and the open relatively com- 
pact subanalytic subsets are open definable subsets in Man? the suban- 
alytic site Xsa on X is the o-minimal site X^jef on X in Man- 
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